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Abstract

The document starts with an introduction to solving partial differential equations and continues with a collection of example problems (the lecture notes). The last two chapters concern the Sturm-Liouville theory and Integral Transformations. Most of the material is using rectangular coordinates although some examples are included with polar, cylindrical and spherical coordinates. There is no big difference although the Laplace operator looks different in the various coordinate systems; however, the process of solving the equations is the same: Reduce the problem to a set of ordinary differential equations, which can be solved using standard methods, and the tool number one in doing so is the separation of variables method. 

Ove Skoggaard recommended making notes during his lectures and the present work represents my notes as well as a few additions, which could be valuable for the exam. The lecture notes are introduced with the date of the lecture as (day/month), and my additions are shown without this reference but with reference to the book: Asmar, Nakhlé H. “Partial Differential Equations”, second edition, 2000, Pearson Prentice Hall, ISBN 0-13-148096-0. 
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1 Methods

Partial differential equations are solved using different techniques transforming the original problem into a set of ordinal differential equations, or equations that can be treated as ordinary differential equations, and these equations are then solved using the existing set of solution methods. The homogeneous boundary conditions are used to simplify the solutions, such as removing unbounded terms, and the solutions to the ordinary differential equations are assembled into a complete solution set. The non-homogeneous boundary conditions are then used to determine the coefficients using series expansion of orthogonal functions.

Two methods will be used for transformation into ordinary differential equations; separation of variables and integral transformation, of which the first dominates the set of examples presented within this document. 

1.1 Separation of variables

Many problems can be brought into a condition where the solution can be described by independent differential equations, one for each coordinate of the coordinate system. It may be required reformulating the problem, such as using curved coordinate systems. 

Consider as an example the following problem: the one-dimensional wave equation with the independent coordinates x for space and t for time: 
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The solution is u(x,t) but the example below may equally well represent a similar problem u(x,y) with space coordinates x and y. 

The method of separation of variables is as follows: 

1. Introduce the assumption that the problem can be represented by a product of two (or more) independent functions, one for each of the coordinates. This is equivalent to assume, that the original problem can be described by a set of uncoupled differential equations. 
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2. Differentiate with respect to the independent variables, using the fact that X(x) is independent of t and T(t) is independent of x, so one function is constant while differentiating the other. 
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3. Insert into the PDE, divide by XT and re-arrange the equation to separate the variables onto each side of the equation sign. 
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4. Argue that the ratio T’’/T must be independent of the ratio X’’/X since they are defined through different independent variables, so the ratios must be constant and equal to the same constant; the separation constant (, where the minus sign is a convention. Now write the corresponding ordinary differential equations which transforms the original two-dimensional PDE problem into two ordinary differential equations (ODE’s), which can be solved using standard techniques.
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5. Start with the ODE with homogeneous boundary conditions (in this example assumed to be the x-coordinate) and specify an eigenvalue problem, which defines an infinite set of solutions: (0, (1, (2, …, etc. Three cases are considered: ( < 0, ( = 0 and ( > 0 and all the found (-values represents valid eigenfunctions. In this example, assume that only the situation with ( > 0 has useful solutions. The characteristic equation for the X-problem becomes (2 + ( = 0, so the solutions are given by (2 = –(. Introduce the substitution ( = (2, ( > 0, which gives ( = ±i(. The solution is:
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6. Use the homogeneous boundary conditions to determine the constants. If the function value is specified at a point x, then insert the value and solve the equation. If the derivative is specified, then differentiate X(x) and use the condition. As an example,  the boundary condition is specified as zero function value at x = 0, thus u(0,t) = 0, which means that X(0)T(t) = 0, which implies that X(0) = 0, since T(t) is independent upon x. The example gives A = 0 and thus X(x) = Bsin((x). As an example, the other boundary condition is specified as u(b,t) = 0; the relation becomes Bsin((b) = 0, which can be fulfilled by a non-trivial solution (non-zero B) only for (b = n(, n = 1, 2, 3, … The solution with n = 0 is trivial since X(x) would become identically zero. We have now defined the following eigenfunctions and values of ( for the present example: 
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7. Now consider the coordinate with non-homogeneous boundary conditions, in this example the T-problem. Since ( is known at this point, we can re-write the ODE. In the example we have equivalent equations and end up with a solution, which is similar to the X-problem, so the solution is again a set of cosine and sine terms: 
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8. Use any available homogeneous boundary condition to determine constants Cn or Dn. Then proceed as shown below. Do not use non-homogeneous boundary conditions at this point. 

9. Combine the results obtained so far. The product of constants BnCn and BnDn can be simplified by setting Bn = 1, which does not affect the solution. Any solutions from the cases with ( < 0 or ( = 0 are added to u(x,t) before the summation. In this example, solutions are only specified for ( > 0. 
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10. Use the non-homogeneous boundary conditions to determine the constants Cn and Dn. As an example, the initial condition is specified as u(x,0) = f(x), and we can proceed as follows using the knowledge that the trigonometric functions are orthogonal. Start by multiplying both sides with sin(m(x/b). Then integrate both sides through the definition range for the current problem, which in the example is set to 0 < x < b. Then conclude, that the integral is zero for all values of m with exception of m = n. The constant Cn can then be determined.
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11. Use another non-homogeneous boundary condition to determine constant Dn using a similar technique. 

The PDE-problem has been solved. 

1.2 Ordinary differential equations

A collection of differential equations are listed below. The list is not exhaustive. 

1.2.1 First order –– y’ + p(x)y = g(x)

The general form of a first order differential equation is (after Asmar page A2):
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The functions p(x) and g(x) must be continuous on the definition interval I. The complete solution to the differential equation is:
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Constant C is the integration constant. For g(x) = 0, i.e. a homogeneous differential equation: y’ + p(x)y = 0, the solution reduces to:
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For p(x) = ( where ( is a constant, and g(x) = 0, i.e. a homogeneous equation with constant coefficient: y’ + (y = 0, the solution reduces further to:
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1.2.2 Second order –– ay’’ + by’ + cy = 0

The general form of a second-order differential equation with constant coefficients, which is often labelled the damped harmonic oscillator, is (after Asmar page A16):
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It can be shown that the exponential function (with real or complex argument) is a solution and the roots of the characteristic equation determines the arguments to the exponential.
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The solutions to the characteristic equation are:
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Case I: Two real roots ((1,(2 = ( ± () leads to a solution with exponentials. Two possibilities:
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Case II: One root ((1,(2 = () leads to the following solution, which is a straight line for (1 = 0:
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Case III: Two complex conjugated roots ((1,(2 = ( ± i(); is the harmonic oscillator solution:
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1.2.2.1 Example

Given the following eigenvalue problem:
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The characteristic equation is 
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, where ( can take any value so three cases must be analysed: Case I: For ( < 0 substitute ( = –(2, ( > 0 for ( = ±(, the solution is the sum of two exponentials; use the hyperbolic functions for a limited range. Case II: For ( = 0 the solution is a straight line. Case III: For ( > 0 substitute ( = (2, ( > 0 for ( = ±i(, the solution is the sum of a cosine and sine functions.

Table 1 – Template functions for the second-order ordinal differential equation: 
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Determine the constants from the boundary conditions, such as ux(0,t), u(a,t) or similar, and establish conditions for ( or ( (such as ( = n(). Determine the ( values as: (0, (1, (2, …, or whatever numbering is appropriate. Remember to exclude the trivial null-solution, such as 
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; i.e. be careful to start numbering as appropriate, such as n = 0, 1, 2, ... or n = 1, 2, 3, ... as required.

Assemble the eigenvalue functions from the analysis:
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The solutions are assembled from the following collection of differential equations, as required by the problem at hand. 

1.2.3 Euler –– r2R’’ + rR’ - (2R = 0

The Euler differential equation is a typical result of separation of variables with the function substituted by u = R(r)((() or similar, and is for the R component defined as:
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The coefficients are not constant, so the conventional solution approach does not apply. Note that the exponent to r is identical to the differentiation order of R. 

The solution is found by assuming a solution type of:
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Differentiation generates the following expressions for the derivative of R:
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Insertion into the ordinary differential equation for R results in:
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Hence the following solution to the problem in r:
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Use the boundary conditions to determine An and Bn. Typically the boundedness condition leads to Bn = 0 to limit the solution for r ( 0. 

1.2.4 Bessel –– x2y’’ + xy’ + (x2 – p2)y = 0

Bessel (1784-1846) studied the following equation, which is known as the Bessel equation of order p (Asmar page 237): 
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The equation is of second order so there will be two independent solutions to the equation and the complete solution is the sum of the two functions. The solutions are called the Bessel function of the first kind and order p, Jp(x), and the Bessel function of the second kind and order p, Yp(x). The solution is:
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The Bessel functions Jp(x) are bounded while Yp(x) are not bounded for x approaching zero. All functions approach zero for x approaching infinity and oscillates around the x-axis. The first of the Bessel function of the first kind starts from J0(0) = 1 while the higher orders starts from Jp(0) = 0 with a slope of p. 
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Figure 1 – Bessel functions of the first kind and order zero (left) and the modified Bessel functions of the second kind and order zero (right). See also Asmar page 212, 229 and 240.

The zero-crossing values of the Bessel functions are called (p1, (p2, (p3, ..., and are found in tables, such as Asmar page 250 for curve of Jp(x) zeros and 251 for table of Jp(x) zeros. 

1.2.5 Modified Bessel –– x2y’’ + xy’ – (x2 + p2)y = 0

The general form of the modified Bessel differential equation is:
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The equation is of second order so there will be two independent solutions to the equation and the complete solution is the sum of the two functions. The solutions are called the modified Bessel function of the first kind and order p, Ip(x), and the modified Bessel function of the second kind and order p, Kp(x). The solution is:
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The functions are basically exponential and corresponds roughly to the hyperbolic functions. Both functions are un-bounded; Ip approach infinity for x approaching infinity and Kp approach infinity for x approaching zero.

1.2.6 Legendre –– (1 – s2)y’’ – 2sy’ + (y = 0

Solutions to the Legendre differential equation exists only for ( = 0, 2, 6, 12, … (from Asmar page 272 and 282):
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The solution is the associated Legendre function:
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The function is a polynomial, which is non-zero for 0 ( m( n. 

1.3 Miscellaneous definitions

1.3.1 Homogeneous PDE

A homogeneous partial differential equation consists of terms with the function value u, or the derivatives, such as ux, uxx, uy, uyy, …, ut, … A non-homogeneous partial differential equation consists of the above terms plus other terms. Examples: 
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1.3.2 Linear PDE

The PDE is linear if the dependant variable u and all partial derivatives are of the first degree (power of one) and at most one of these appears in any given term: 
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Otherwise it is non-linear: 
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1.3.3 Boundary conditions

Boundary conditions are used to determine the integration constants from the solution process. A boundary condition can be of three different types, Dirichlet, Neumann or Robin and are defined as follows (Asmar page 180-181):

· A Dirichlet boundary condition is any condition that specifies the values of the solution u on the boundary. 

· A Neumann boundary condition is any condition that specifies the normal derivative 
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 on the boundary.

· A Robin condition is any combination that specifies both the value of the solution and the normal derivative 
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 on the boundary. 

1.3.4 Chain differentiation

Let function f(x) and the derivative df(x)/dx be continuous on the open interval a < x < b. If further x = x(t) and dx/dt are continuous functions of variable t over the interval ( < t < (, such that x(t) is in the open interval a < x(t) < b, we speak of F(t) = f(x(t)) = f(x) as a composite function of t. The derivative of the function F(t) with respect to time is given by the chain rule (from 01246 preamble, page 5): 
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1.3.5 Directional derivative

Let u(x,y) be a scalar function with continuous first order spatial derivative in an open spatial domain D and let 
[image: image54.wmf]e

 be an arbitrary spatial unit vector. The directional derivative dy/ds at any point P in domain D, in the direction of an arc length coordinate s through P (with direction and scale of length of s defined by the vector 
[image: image55.wmf]e

) is (after 01246 preamble, page 7):
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This gives the rate of change of u at any point P in any direction e.

1.3.6 Gradient

The gradient of u (grad u or (u) where u is a scalar function with continuous first order spatial derivatives in an open spatial domain D, is (after 01246 preamble, page 6):
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See Asmar for definition of Polar coordinates page 194, Cylindrical coordinates page 196 and Spherical coordinates page 197. 

1.3.7 Laplace operator

The Laplace operator is defined as (Asmar page 194-197): 
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1.3.8 Partial integration

Partial integration of the product of two functions f(x) and g(x) is defined as:
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1.4 Series expansion

A function is represented by a sum of terms using an orthogonal function. 

1.4.1 Fourier series

Let function f(x) be 2(-periodic, i.e. f(x) = f(x + 2(). The function can be expressed by:
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For use within a PDE-problem only the range within the open interval –( < x < ( is of concern. The periodicity is of no importance, since the PDE-problem is not defined outside the interval. Note that the function f(x) is not defined at the endpoints. The expressions can be defined for another 2(-interval, such as 0 < x < 2(. See also the Sturm-Liouville theory.

1.4.2 Half-range Fourier cosine series

The half-range cosine series is defined as:
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1.4.3 Half-range Fourier sine series

The half-range sine series is defined as:
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The cosine series is an even expansion (symmetrical around x = 0), while the sine series is an odd expansion (symmetrical around (0,0), the origin). Both are valid for any function f(x) but requires different numbers of terms to converge. Note that the series expansion is defined within an open interval – the expansion is not valid at the endpoints of the interval. 

1.4.4 Bessel series

The series expansion using the Bessel function of the first kind and order 0, for the finite interval 0 < x < a, is defined as (see example 9/11):
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1.4.5 Orthogonal function

A function is orthogonal on the interval from a to b, if:
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The definition of an orthogonal function for Sturm-Liouville problems, is:


[image: image65.wmf](

)

(

)

(

)

(

)

[

]

(

)

ï

î

ï

í

ì

=

¹

=

ò

ò

n

m

dx

x

w

x

f

n

m

dx

x

w

x

f

x

f

b

a

m

b

a

n

m

2

0


Function w(x) is a weight function. 

1.5 (5/10) – Non-homogeneous boundary conditions

As an introduction to the method of dividing a complex PDE problem into less-complex PDE problems, consider the following linear and homogeneous PDE problem with four non-homogeneous boundary conditions:
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The PDE problem can be transformed into two PDE problems each with two homogeneous and two non-homogeneous boundary conditions by the transformation:
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For the problem U(x,y) we can change one pair of boundary conditions from being non-homogeneous to homogeneous and similar for the V(x,y) problem. 
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The selection should be two opposite boundaries, such that one pair of boundary conditions is in the x coordinate and the other pair in the y coordinate in order to reconstruct the original  PDE problem upon addition of U(x,y) and V(x,y).

The new problem, consisting of finding a solution to U(x,y) and V(x,y) can be based upon the examples from 7/9 and 14/9. The final solution to the u(x,y) problem is then constructed by addition of solutions. 

1.6 (5/11) – Non-homogeneous PDE

As a continuation of the previous homogeneous PDE problem, consider the following linear and non-homogeneous PDE problem, which have the same boundary conditions as before:
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This can be transformed into the previous homogeneous PDE problem with non-homogeneous boundary conditions plus a new non-homogeneous PDE problem with homogeneous boundary conditions by the transformation:
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2 (30/8): hux – kuy + qu = s(kx + hy)

Given the partial differential equation (DPE) with boundary condition (BC):
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The right side s(kx + hy) is not dependent upon u and forms the non-homogeneous term. There must be a non-homogeneous term, either within the PDE or the BC. The PDE is homogeneous for s = 0 and non-homogeneous for s ( 0. 

The homogeneous PDE is:
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This will be transformed into a pseudo ordinal differential equation (pseudo-ODE), with only one variable in order to solve the equation. This transformation uses the substitution:
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The derivatives of ( and ( become:
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The derivatives ux and uy are found using the chain rule:
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This is substituted into the PDE:
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After rearrangement:
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One of the terms u( and u( can be eliminated. The selection of which to eliminate is arbitrary, here will the u( term be eliminated:


[image: image79.wmf]0

=

-

km

hc


This can be satisfied for c = k and m = h, since hk = kh. The constants a and b are selected to a = h and b = –k thus making the first parenthesis equate h2 + k2. 

Hence:
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The equation now reads:
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The equation is brought to the normal form:
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This can be solved using Asmar A1 (page A2) and observing that p is constant:
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Reintroducing variable (, the integration constant A becomes a function of (:
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Finally the solution in x and y becomes:
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The boundary condition is used to determine the integration constant. The value along the x-axis, where y= 0, is:
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The variable kx will be substituted by z:
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For y ( 0 the variable becomes:
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The full solution for y ( 0 becomes:
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3 (7/9): uxx – c2uyy = 0

The following homogeneous partial differential equation (DPE) is dependent upon x and y. It represents the wave equation if one of the variables are substituted by time (uxx = c2utt), although the boundary conditions (BC) define a rectangle with corners at (0,0) and (a,b).
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3.1 Product solution

A product solution is sought, which means that the trial-function is described by two functions one dependent upon x only and the other upon y only:
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The derivatives are formed and inserted to the PDE:
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Division by c2XY and rearranging results in the following expression:
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The expression in X should equate the expression in Y, which can only be satisfied when the expressions equal the same constant, which is set to –(, where the minus sign is a convention. The problem is now reduced to a set of two ordinal differential equations. The price to pay is the introduction of a new constant, which will produce an infinite set of solutions.
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The boundary conditions are homogeneous for Y so this equation is solved first. The boundary conditions for y = 0 and y = b are derived. The result must relate to the Y-function in order to avoid trivial solutions, such as X(x) = 0 :
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3.2 ODE with homogeneous BC

The solution to the Y-equation is shown in Asmar Appendix A2 on page A16. It requires the characteristic equation for the ordinal differential equation:
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The solution is divided into three cases for ( < 0, ( = 0 and ( > 0:

3.2.1 Case I – Reel roots

Constant ( is negative. The boundary conditions are used to determine the constants:
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3.2.2 Case II – One root

Constant ( is zero. The equation becomes:
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3.2.3 Case III – Complex conjugate roots

Constant ( is positive.
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There were no solutions for Case I and Case II, but an infinite set of solutions for case III. 

3.3 ODE with non-homogeneous BC

The interest is now returned to the X-equation, where index n (below) refers to each specific solution of the infinite set of solutions for the Y-equation: 
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The characteristic equation gives the solution as follows:
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The solution so far is:
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Each of the solutions un is a valid solution to the partial differential equation so the complete solution is generated by addition of all solutions. 
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If there were solutions from Case I or Case II, they would appear before the summation but in this situation only Case III produced solutions. The coefficients Kn and Ln cannot be determined as was done previously, since the boundary conditions are non-homogeneous. The coefficients will be estimated by a method similar to the Fourier-series expansion. 

The non-homogeneous boundary conditions are used to determine the coefficients. First using the condition for x = 0, which removes the sine term and reduces the square bracket to Kn. The coefficients Kn are thus defined by the function ((y) as follows: 
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The coefficients are determined by using the orthogonality of the trigonometric functions. The equation is multiplied by cos((0y) on both sides and this is integrated through the range of the y-variable:
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Assuming that integration term-by-term is allowed, this becomes:
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Only the term with n = 0 produces a result, all other terms will equate zero: 
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Hence:
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Generally.
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For the other boundary condition we get:
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As before, we multiply by cos((0y) and integrate:
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The complete solution becomes:
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4 (14/9): cuyy – ux = 0

Given the partial differential equation and boundary conditions:
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The PDE is linear and homogeneous and the boundary conditions are linear and homogeneous with exception of BC3, which is non-homogeneous. A product solution can be expected possible due to the homogeneous PDE and opposing boundary conditions. The expected solution is:
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The expression is differentiated with respect to x and y and inserted. After re-arrangement:
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The two expressions cannot equate unless constant, and the constant is labelled (. It is assumed that ( is real and that the problem is of the eigenvalue-type with orthogonal solutions. Constant c is arbitrarily located at the x-expression and the minus sign for ( is a convention. 

The original PDE is thus separated into two ordinary differential equations:
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4.1 ODE with homogeneous BC

The boundary conditions for y are homogeneous while the boundary condition for x is non-homogeneous, so a solution is sought for the y variable first. 

The boundary conditions are:
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The characteristic equation for the y-problem is:
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4.1.1 Case I – Real roots

The variable ( is substituted by -(2 where ( > 0. The solution to the second-order ordinal differential equation is two exponential functions, which may often be represented by the hyperbolic cosine and sine functions:
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Boundary condition y = 0 yields:


[image: image120.wmf](

)

(

)

[

]

(

)

(

)

[

]

b

b

b

TA

B

TA

B

B

A

T

B

A

=

Þ

=

-

Þ

=

+

-

+

0

0

0

sinh

0

cosh

0

cosh

0

sinh


Boundary condition y = b yields:
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The left-hand side of this equation is identical positive and the right-hand side is identical negative since all constants are positive, so there is no non-zero solution to case I. 

4.1.2 Case II – One root
The variable ( is zero:
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Boundary condition y = 0 yields:
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This is used to eliminate A from the equation with boundary condition y = b:


[image: image124.wmf](

)

[

]

(

)

Sb

S

T

S

Sb

T

B

S

Sb

T

B

SB

SAb

A

+

-

=

Þ

=

+

+

Þ

¹

Þ

=

+

+

Þ

=

+

+

1

0

1

0

0

1

0


The left-hand side of this equation is identical positive and the right-hand side is identical negative since all constants are positive, so there is no non-zero solution to case II. 

4.1.3 Case III – Complex conjugated roots

The variable ( is substituted by (2 where ( > 0. The solution to the second-order ordinal differential equation is two circular functions:
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Boundary condition y = 0 yields:
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The value of B will be used to simplify boundary condition y = b:
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This implicit equation cannot be solved analytically so a numerical solution must be considered. Before using MATLAB or equivalent tool to determine the solutions, a graph is required to direct MATLAB to the interval where the root is to be found. It is seen that the left-hand side approach infinity at (b = (n/2 where n is odd. It is also seen that the right-hand side approach infinity for (2 equal to TS. This is shown below.
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Figure 2 – Solutions to the problem are found at the intersections between the red and blue curves. There are an infinity of solutions, which must be determined numerically, so the solution must be restricted to a finite number of values..

The solutions can now be determined:
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Since there are more than one value of (, and since the system is linear, the solution is a linear combination (superposition) of the individual solutions. The eigenvalue-functions become:
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4.1.4 ODE with non-homogeneous BC

The differential equation in x will now be considered. 
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The solution to this differential equation is according to Asmar A2:
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The general solution is build from the following terms:
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Constant Kn is a substitute for EnAn and function Yn is a substitute for the square brackets and will be used below to simplify the notation. 

4.2 Complete solution

The complete solution is a combination of the individual solutions:
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The non-homogeneous boundary condition can now be used to determine the integration constant Kn using the assumption that the eigenvalue-functions are orthogonal. From the inhomogeneous boundary condition we get:
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Two functions are orthogonal when the following integral is valid:
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We start by multiplying both sides of the above definition of ((y) by Ym(y):
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This is integrated and it is assumed that integration is allowed term-by-term so that the sequence of integration and summation can be reversed.
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Only one term of the summation will yield a non-zero result, the term with n = m. The constant is thus determined by:
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5 (21/9): (2u = 0

Given the partial differential equation and boundary conditions:
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The PDE is linear and homogeneous and the boundary conditions are linear and homogeneous with exception of BC5 and BC5, which are non-homogeneous. Eigenvalue-problems can be formulated for the BC1-BC2 and BC3-BC4 pairs, which is in the x, y plane, but not for the BC5-BC6 pair due to the non-homogeneous boundary conditions. 

Laplace operator

( is the gradient and is a vector of the first-order partial derivatives (u = (ux, uy, uz). (2 is the Laplace-operator, which is (2 = uxx + uyy + uzz. If the function is dependent upon time and two spatial coordinates, u(x,y,t), the Laplace-operator equates (2 = uxx + uyy.

Since the non-homogeneous boundary conditions are located within one of the coordinates only, the expected solution will be based upon the product solution:
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The expression is differentiated with respect to x, y and z and inserted. After re-arrangement:
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The eigenvalue-problem must start with either x or y. It is chosen to start with the x variable and the equation is brought to an appropriate form:
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The two ratios are dependent upon different variables, so they can be equal only if equal to the same constant, which is defined as –(. The sign is arbitrary but has been set negative in order to ease the following analysis 

The left-hand side represents the following ordinary differential equation:
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The right-hand side is represented by:
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This can be represented by the following two ordinary differential equations:
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The boundary conditions for the homogeneous boundary conditions are defined as follows, where the trivial solutions are avoided. For instance, in the first boundary condition, X(0) must be zero in order for the solution u(x,y,z) = X(x)Y(y)Z(z) to be different from u(x,y,z) = 0.
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5.1 ODE’s with homogeneous BC

The y-problem is a harmonic oscillator, which means that the solution is based upon the circular functions for complex conjugated roots and exponential functions otherwise. The characteristic equation is:
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This was on September 7 shown to be defined by the roots of cos((b) = 0. There will be an infinity of solutions:
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The x-problem is also a harmonic oscillator, with the following infinite range of solutions:
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5.2 ODE with non-homogeneous BC

We now address the z-problem where the constants ( and ( are defined by the eigenvalue-problems from above. Due to the double infinity of solutions two indices will be used:
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This is a second-order ordinal differential equation with constant coefficients. The coefficient to Zmn is negative and only one case applies; two real roots, which indicates a solution with exponential functions. It is most appropriate to use the alternative approach with hyperbolic functions for problems defined within a limited range, as in the current case where 0 < z < c. 

The characteristic equation is:
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The solution to the z-problem is thus:
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5.3 Complete solution

The complete solution can now be assembled from the individual terms defined by:
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The solution will use double summation:
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The expression is simplified by the following substitutions:
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Into the solution:
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For BC5 we get the following definition of function f:
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The coefficients for Gmn (( and () are not of the standard form for a Fourier series expansion, so the conventional method does not apply and we have to use the orthogonality associated with the eigenvalue expansion.

First step is to multiply both sides by X0(x)Y0(y) thus preparing the following steps. 
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Second step is to integrate both sides through the boundaries and assume that it is legal to integrate the summations part by part.
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Third step is to use the orthogonal definition: 
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The orthogonal definition produces a result only for m = n = 0:
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The expression can be generalised into:
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From boundary condition BC6, we get:
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Using the substitution:
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The definition becomes:
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The coefficients Hmn (which are part of Mmn) are then determined by the orthogonal assumption, following the same procedure as above. 

6 (5/10): uxxx – cuyy + u = f(x)

Consider the following third-order PDE with boundary conditions. 
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Odd-order PDE problems do not normally result in orthogonal eigenvalue problems, while most second-order PDE problems do, so the solution for the present odd-order problem will follow a different path.

6.1 Step 1 – Sub problem for u = u(y)

We start considering the following homogeneous sub-problem:
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Assuming that an eigenvalue problem can be formulated in the y-direction, we progress with the conventional separation of variables approach considering only the boundary conditions in the y-direction (the boundary conditions in the x-direction will not be used). We are thus searching for a solution specified as a product of two functions with one variable each:
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Differentiation, insertion and re-arrangement for separation of the variable result in :
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We are only interested in the solution to the y-expression, so constant c has been moved to the x-side, since this problem will not be considered. Hence, we have the following ordinal differential equation:
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The boundary conditions for this problem are calculated assuming that the boundary conditions are also homogeneous:
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The characteristic equation is R2 + ( = 0, which indicates roots as: R = ±((–(). Three cases must be considered and solutions (if any) are added to solve the Y-problem:

6.1.1 Case I – Real roots

Assuming ( > 0 we get the solution proposal Y = Acosh((y) + Bsinh((y). Boundary condition B4 indicates that A(sinh(0) + B(cosh(0) = 0, hence B = 0 and Y = Acosh((y) follows. Boundary condition BC5 indicates that Acosh((b) = 0, which cannot be fulfilled.

6.1.2 Case II – One root

Assuming ( = 0 we get the solution proposal Y = Ayexp(0) + Bexp(0) = Ay + B. From boundary condition BC4 we get Y’(0) = A = 0, hence Y = B. From boundary condition BC5 we get Y(b) = B = 0, so there are no non-trivial solutions.

6.1.3 Case III – Complex conjugated roots

Assuming ( < 0 we substitute ( = –(2 where ( > 0 to get R = ±( and the solution proposal is: Y = Acos((y) + Bsin((y). From boundary condition B4 we get the requirement of Y’(0) = 0, which means: –A(sin(0) + B(cos(0) = 0, thus indicating that B = 0 and the function is now Y = Acos((y). From boundary condition B5 we get Y(b) = 0 or Acos((b) = 0, which requires (b = n(/2, n = 1,3,5.... This is equivalent to (b = (1+ 2n)(/2, n = 0,1,2,... and so the useful values become:
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Only the third case produced solutions satisfying the boundary conditions, so the following set of cosine-functions represent the available solutions to the Y-problem:
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Constant An will be set equal to unity in the following without affecting the validity of the final solution since the scaling constant will be re-introduced later. It was assumed that the Y functions be orthogonal, which means that the following integral is zero for all values of n and m with exception af n = m:
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From boundary condition BC1 we have u(0,y) = ((y), which in turn results in:
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6.2 Step 2 – Generalisation into u = u(x,y)

The next step is to generalise the function using boundary condition BC1 into a function of both x and y. The constants Kn are defined by ((y), which is a function of y only but we can write Kn as the function Kn(x), where x is identically zero, without violating the above derivation. 

The above definition may (using boundary condition BC1) be written:
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This can be brought one step further by assuming that the constant is a function of a fixed x, which is constant in 0 < x < a: We have thus introduced the parameter x and constant Kn will be substituted by function Bn(x) to avoid confusion:
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Function Bn represents constant Kn, which was not a function of x. This equations define the required function u(x,y) from two functions: an unknown function Bn(x), which we have to define, and a function Yn(y), which is already known.

6.3 Step 3 – Generate derivatives

We now proceed to generate the derivatives uxxx and uyy using the above definition of the solution u(x,y). For a fixed x the third derivative of u with respect to x is given by the following sum, where Dn(x) represents an unknown function:
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From the definition of u(x,y) above the derivative Dn(x) becomes expressed as:
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The integral is not dependent upon x, so differentiation can be moved to the front of the expression. The operand to the differentiator (within the curled branches) is recognised as function Bn(x), so Dn(x) = Bn’’’(x), which might have been expected. 

For a fixed x the second derivative of u with respect to y is given by the following sum, where Ln(x) represents an unknown function.
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The expression differs from the previous by the fact that the integral is now a function of the variable to differentiate with respect to. The solution is to use integration by parts, which is defined by: 
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The expression is valid for fixed limits as well and the method will be used twice in order to get to the second derivative of u. We have:
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We know that Yn(b) = 0, which removes the uy(x,b) term. We know that Yn(0) = 1, which saves the uy(x,0) term. We know that uy(x,0) = g(x) so the terms before the integral is reduced to –g(x). The result of the first integration by parts is thus:


[image: image184.wmf](

)

(

)

(

)

(

)

ò

+

-

=

b

n

y

n

n

dy

y

y

x

u

b

b

x

g

x

L

0

sin

,

2

2

b

b


The integral is treated again with integration by parts:
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The last substitutions used the definition of (n and the integral was recognised as Bn(x) except for a scale factor. 

6.4 Step 4 – Non-homogeneous problem

Now attacking the non-homogeneous problem using a method analogues to the previous expressions of derivatives, the function f(x) can be expressed as:
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6.5 Step 5 – Assemble parts

The contributions are now assembled into the original PDE problem:
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The summations are combined:
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This is expanded as a Fourier series (constructing a function, which is identically zero). For each n we have a third order ordinary differential equation. 
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From boundary condition BC1 we get:
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From boundary condition BC2 we get:
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From boundary condition BC3 we get:
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7 (12/10): uxxx + uxyy – c(x)uyy + u = f(x)

Consider the following third-order PDE with boundary conditions, which is an extension on the 5/10 problem:. 
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We will try to formulate an eigenvalue problem in y. The x problem is of third order and will most probably not be orthogonal. 

7.1 Step 1 – Sub problem for u = u(y)
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We start defining a sub problem derived from the original problem and will search for a solution in y, ignoring for a moment the solution in x. The equation is brought onto a homogeneous form, the boundary conditions BC1, BC2 and BC3 are ignored and the boundary conditions BC4 and BC5 are simplified. The equation reads:
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A product solution is sought in x and y, but only the solution in x will be considered:
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After differentiation and insertion we get:
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Since the solution in x will be ignored, the constant c(x) will be moved to the x expression. After re-arrangement we get the identity:
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Hence, the equation where only the y term is used:


[image: image198.wmf](

)

l

-

=

-

+

=

X

X

x

c

X

X

Y

Y

'

'

'

'

'

'

1


The left-hand side depends only on y and the right-hand side depends only on x so the equation can only be equal if they are constant. Note that the expression in x will be ignored so only the equation in y is relevant; hence the ordinary differential equation: 
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The boundary conditions becomes:
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The eigenvalue problem is displayed below:
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The solution has been found earlier, based upon cos((b) = 0 where ( > 0, and a solution was:
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The eigenvalue functions are orthogonal:
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Constant An will in the following be set to one. The integration constant will re-appear later so this does not invalidate the generality of the solution.

7.2 Step 2 – Generalisation into u = u(x,y)

The solution U(x,y) will be “transformed” into a solution to u(x,y), which requires the solution be a function of x and y. From the boundary condition BC2 we have:
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It makes no difference to specify the constant as a function of a parameter if the parameter is identically zero. Hence the following equations:


[image: image205.wmf](

)

(

)

(

)

(

)

(

)

(

)

ò

å

=

=

¥

=

b

n

n

n

n

n

dy

y

Y

y

u

b

K

y

Y

K

y

0

0

,

0

2

0

0

j


Inspired by the above representation, we state the following requirement of the solution to u(x,y), where Bn(x) is a new function, introduced to satisfy the requirement: 
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The function will be Bn(x) determined later.

7.3 Step 3 – Generate derivatives

In order to specify a solution to the partial differential equation we now introduce several model functions for the derivatives. The requirement for the model functions will be determined and the functions will be described as functions of Bn(x). The model functions will be assembled into the PDE at a later stage in order to determine Bn(x) and thus the model functions. For details, please refer to the example from 5/10, where the functions Dn(x), Mn(x) and Ln(x) are defined. 

First the uxxx variable:
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The mixed derivative uxyy is identical to uyyx, which is simpler to define: 
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From example 5/10 we have:
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7.4 Step 4 – Non-homogeneous problem

See example 5/10.

7.5 Step 5 – Assemble parts

Hence we have:
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Note that the coefficient c(x) has not been expanded, as this would otherwise result in a product of infinite sums; which is useless as a solution. 

All expressions are now assembled into the PDE (the equations are shown at the top line within the curled parenthesis with an explanation at the bottom line): 
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The curled parenthesis is labelled Z(x) so the problem is:
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The expressions for Dn(x), Mn(x), Ln(x) and Qn(x) as function of Bn(x) are now inserted and after re-arrangement we have the following equation with the terms in Bn(x) on the left-hand side and the non-homogeneous terms on the right-hand side: 
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This is a 3’rd order ordinary differential equation in Bn(x), which can be solved in MATLAB or equivalent software. Variable x can be specified as a vector and n as a parameter. This will however not be demonstrated. 

The eigenvalue problem in x is:
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The boundaries are defined from:
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This concludes the example. 

8 (26/10): Curved coordinates
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Boundary conditions are rarely zero, rather they are described by the normal to the boundary of the surface, ignoring singular points. The normal to the surface is always pointing out from the surface. 

The arrows in the drawing designates a normal vector 
[image: image216.wmf]n

, whose length is unity, and a coordinate axis s, pointing in the same direction as the normal. 

The gradient of a scalar function u is written 
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Ñ

 or 
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, and is working on space-coordinates only, i.e. the gradient is not dependent upon the time coordinate. 

8.1 Gradient

The gradient is defined as:
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The derivative of u with respect to coordinate s is:
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8.2 Laplace operator

The Laplace operator of a scalar function:
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The problem below will be solved using polar coordinates. The function u is dependent upon radius r and angle (:
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H is a constant. The partial differential equation in polar coordinates:
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9.1 Boundary conditions

BC1 along ( = 0:
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BC2 along ( = ( :
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BC3 along r = a *** Check with the book ***
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We need four boundary conditions in order to solve the problem so the missing one must be derived from specifying that 
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 must be limited for r approaching infinity. This is the boundedness condition, which is homogeneous, since no value or function is specified. 
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An alternative boundary condition could be that u should approach zero for r approaching infinity, but this condition is unnecessarily strong and may limit the usefulness of the solution. 

9.2 Separation of variables

The partial differential equation and the boundary conditions are linear, and we try solveing the problem using a product of two functions; one for each of the variables:
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Differentiation and inserting into the PDE:
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Multiplication with 
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 and re-arranging the equation in order to separate the variables into an expression in ( and another expression in r:
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R and ( are independent variables so the ratios must be constant for the equation sign to apply. This is separated into two ordinary differential equations:
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The solution to R is not an eigenvalue problem since boundary condition BC3 is non-homogeneous. From the previously derived boundary conditions:


[image: image234.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

0

0

0

,

,

:

2

0

0

0

0

0

,

:

1

'

'

=

Q

+

Q

Þ

=

Q

+

Q

Þ

=

+

=

Q

Þ

=

Q

-

Þ

=

-

g

g

g

g

g

g

q

q

q

H

r

HR

r

R

r

Hu

r

u

BC

r

R

r

u

BC


9.2.1 ODE with homogeneous BC

According to an earlier example, the solution can be derived from the implicit equation
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Hence the following solution to the problem in (:
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9.2.2 ODE with non-homogeneous BC

Now addressing the problem in r, we have an infinity of solutions due to the infinite number of (-values. The solution to each (-value will be designated Rn. The equations for determining Rn become:
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The coefficients are not constant, so the conventional solution approach does not apply. It is noted that the exponent to r is identical to the differentiation order of R, which identifies the equation as an Euler ordinary differential equation. The solution is found by assuming a solution type of:
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Differentiation generates the following expressions for the derivative of R:
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Insertion into the ordinary differential equation for R results in:
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Hence the following solution to the problem in r:
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9.2.3 Eigenfunctions

The solution for each eigenvalue becomes the product of the solutions to the R-problem and the solutions to the (-problem:
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9.3 Solution

The complete solution becomes an infinite sum of the individual solutions for each n with two constants representing the integration coefficients:
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Using BC4 (the boundedness condition) we conclude that 
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 approach infinity for r approaching infinity so this term must be killed by putting En = 0. The term 
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Hence the complete solution:
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Using BC3 we must differentiate with respect to r:
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Using 
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, the sum can be written:
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We know that the eigenfunctions are orthogonal, i.e. we have:
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Using this, we arrive at:
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The Laplace-problem below will be solved for the cylinder shown to the right:
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The solution will be derived using cylindrical coordinates. The relation between the rectangular and cylindrical coordinates is:
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The Laplace operator in cylindrical coordinates:
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The Laplace operator is invariant to rotation, which can be used to simplify the problem assuming that the boundary conditions are independent upon (. The problem becomes:
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10.1 Boundary conditions

The problem is of second order in ( and also second order in z so we need four boundary conditions in order to solve the problem. Only three boundary conditions will be specified for the problem so we must select a fourth boundary condition based upon physical grounds.  

10.1.1 Boundary condition BC1

The specified boundary condition for the bottom disk (z = b1) requires that the derivative of u with respect to the normal to the surface is a given function:
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Differentiation of u along the normal vector n is defined as the scalar product of the normal vector and the gradient of the function u:
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The gradient of the function is defined as:
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The normal vector to the bottom surface is pointing downward:
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The components can now be inserted into the definition of (u/(s. The product of ez and e( does not generate a result since the vectors are orthogonal, so the only contribution is from the z-coordinate:
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10.1.2 Boundary condition BC2

The specified boundary condition for the upper disk (z = b2) is a function depending on the radius:
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10.1.3 Boundary condition BC3

The specified boundary condition for the surface (( = a) is a function value of zero:
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10.1.4 Boundary condition BC4

The fourth boundary condition is not specified so we require that the function u be bounded for ( approaching zero, i.e. the centre of the cylinder. This is a boundedness condition:
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This is a homogeneous boundary condition since no function or constant value is specified. 

10.2 Separation of variables

The PDE and boundary conditions are all linear so we can expect a product solution to the problem. The boundary conditions for the (-coordinate are homogeneous so we can proceed with an eigenvalue problem in this coordinate and use the boundary conditions to determine the solution. The z-coordinate have non-homogeneous boundary conditions thus requiring that the solution be expressed as an infinite sum before the boundary conditions can be applied. 

The expected solution is of the form:
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Differentiation and insertion into the PDE enables separation of the variables into two  expressions, which must be equal. Since one expression depends solely on ( and the other solely on z, the two expressions must equal the same constant, the separation constant, which will be defined as -(
, where ( is a positive constant. The negative sign is a convention, not a requirement. 
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The separation of variables have generated the following two ordinary differential equations:
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10.3 Solution to ODE1

We address ODE1 first since we can expect an eigenvalue-problem. Using BC3 and assuming that Z(z) cannot equate zero for all values of z we get the following requirement:
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Using the boundedness condition BC4 and assuming that the function Z(z) is bounded for all values of z, we get the following requirement:
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The eigenvalue-problem is sketched below:


[image: image270.wmf] 

r

 

|

R

|

 < 

¥

 

R

 = 0

 

r

2

R

”+

 

r

R

’+

 

l

r

2

R 

= 0

 

r

 

= 0

 

r

 

= 

a

 


The differential equation is a parametric form of the Bessel differential equation of order zero and the solution process is similar to the conventional equation y” + ( = 0 with three cases for ( negative, zero and positive. 

In general, we have:
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We start with Case III to introduce the Bessel functions before the modified Bessel functions. 

10.3.1 Case III: Equation

Since ( is negative we substitute it with -(2 where ( is positive, to arrive at:
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This equation can be brought onto the standard form by the following substitution, which transforms the function R(() into y(x):
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The derivatives are found using the chain rule and noting that dx/d( = (:
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Inserting into ODE1 results in the Bessel differential equation of order zero:
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10.3.2 Case III: Bessel equation

Bessel (1784-1846) studied the following equation, which is known as the Bessel equation of order p:
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The equation is of second order so there will be two independent solutions to the equation and the complete solution is the sum of the two functions. The solutions are called the Bessel function of the first kind and order p, Jp(x), and the Bessel function of the second kind and order p, Yp(x). 

The solution is:
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The Bessel functions Jp(x) are bounded while Yp(x) are not bounded for x approaching zero. All functions approach zero for x approaching infinity and oscillates around the x-axis. 
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Figure 3 – Bessel functions of the first kind and order zero (left) and modified Bessel functions of the second kind and order zero (right). 

The zero-crossing values of the Bessel functions are called (p1, (p2, (p3, ..., and are found in tables, such as Asmar page 251. 

10.3.3 Case III: Solution

Since the original problem is of zero order (p = 0) the solution to ODE1 becomes:
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Re-inserting the original coordinates we end up with the solution:
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Using the boundedness condition BC4 forces F = 0 to avoid a function approaching infinity for ( approaching zero and the function becomes:
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Using boundary condition BC3, the parameter ( can be defined since the constant E must be different from zero to avoid the trivial solution with R(() = 0. Labelling the zeros of the Bessel function of order zero as (1, (2, (3, ..., we get the following definition of (: 
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Hence, the separation constant for Case III:
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10.3.4 Case I: Equation

Since ( is positive we substitute ( with (2 where ( is positive, to arrive at:
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Using the same substitution as above (x = (() we arrive at the following equation:
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10.3.5 Case I: Modified Bessel equation

The general form of the modified Bessel differential equation is:
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The equation is of second order so there will be two independent solutions to the equation and the complete solution is the sum of the two functions. The solutions are called the modified Bessel function of the first kind and order p, Ip(x), and the modified Bessel function of the second kind and order p, Kp(x). The solution is:
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The functions are basically exponential and corresponds roughly to the hyperbolic functions. Both functions are un-bounded; Ip approach infinity for x approaching infinity and Kp approach infinity for x approaching zero.

10.3.6 Case I: Solution

Since the original problem is of zero order (p = 0) the solution to ODE1 becomes:
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Using the boundedness condition BC4 forces F = 0 to avoid a function approaching infinity for ( approaching zero and the function becomes:
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From boundary condition BC3 (( = a) we get:
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Since ( and a are positive constants and I0 is zero only for zero argument we conclude that there are no solutions to Case I. 

10.3.7 Case II

This case too will not produce any solutions. 

10.4 Solution to ODE2

We now address the equation in z using the gained knowledge to the separation constant (, which is defined by Case III of the solution process for ODE1. 


[image: image291.wmf](

)

(

)

z

H

z

G

Z

Z

Z

n

n

n

n

n

n

n

n

b

b

b

sinh

cosh

0

2

'

'

+

=

Þ

=

-


The characteristic equation is:
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The boundary conditions are non-homogeneous, so we must assemble all the solutions before applying the requirements: 
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The constants are Mn = GnEn and Nn = HnEn. From boundary condition BC1 we get:
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We must differentiate the function in order to apply the boundary condition. The contents within the square brackets are called Qn.
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From boundary condition BC2 we get the expression for the other requirement. The contents within the square brackets are called Pn.
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10.4.1 Bessel orthogonality

The Bessel functions are orthogonal with respect to a weighting function. 

The function f(x) is defined as:
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By multiplying both sides with J0((mx)x we get the following expression: 
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We then integrate both sides throughout the range (from 0 to a), performing the integration term-by-term, and finally using the following orthogonality theorem:
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Finally we get:
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10.4.2 Solution

Using this information we get:
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From this we can build two equations to be solved for Mn and Nn.

11 (9/11): (2u = 0
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The Laplace problem below will be solved using spherical coordinates:
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The normal vector n points outward from the solution area, since we are interested in the internal volume of the globe (if we were interested in the volume outside the globe, the normal would point inward). The relation between the rectangular coordinates and the spherical coordinates is:
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The spherical coordinates are preferred for the separation of variable method. Expressed in spherical coordinates and specifying the limits to the variables, the problem becomes:
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The cosecant csc(() is defined as 1/sin((). The first approach is to simplify the problem using the requirement that the problem must be symmetrical and insensitive to the variable (. This reduces the PDE problem into:
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11.1 Boundary conditions

The problem is of second order in r and second order in ( so four boundary conditions are required; two in r and two in (. Only one condition will be specified so the remaining three artificial boundary conditions must be formulated using boundedness requirements.

11.1.1 Boundary condition BC1

The requirement for the surface is that the derivative of u with respect to the normal to the surface must equal a given function h:
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The directional derivative is defined as the scalar product of the normal vector and the gradient of u:
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The normal is expressed as the sum of the spherical unit vectors scaled to point in the direction of the radius. For the current problem the normal boils down to the er vector:
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The gradient of u is defined as follows where the independence of variable ( is used to simplify the general expression (left) to the expression used below (right):
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Hence, the following expression for the normal derivative, where it has been used that the multiplication of two unit vectors is unity if they point in the same direction (erer = 1) and zero otherwise (ere( = 0):
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The boundary condition BC1 finally becomes:
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11.1.2 Boundedness  conditions BC2, BC3 and BC4

It is required, that the function u must be limited at the centre of the globe, i.e. for the radius r approaching zero. This is a homogeneous boundary condition since neither a constant or a function is specified. 
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Similar requirements are formulated for the angle (: 
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11.2 Separation of variables

The problem and boundary conditions are all linear and homogeneous with exception of BC1, which is linear but not homogeneous due to h((). It can thus be expected possible formulating an eigenvalue problem for the ( variable; but not for r. 

Hence, we formulate the following trial expression for separation of the variables:
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Differentiation and insertion into the PDE produces:
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This is multiplied by r2/R( and re-arranged to separate the variables into an expression consisting only of the r-terms (left side) and consisting only of the (-terms (right side):
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The two expressions can only be equal if both are constant, since the expressions are independent, and the expressions must be equal to the same separation constant, (. The minus sign is a convention in order to ease the following analysis.

Two ordinary differential equations arise from the separation of variables: 
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11.3 Solution to ODE 1

The problem can be transformed into something more manageable using the method introduced by Legendre (1752-1833), who used the following substitution to get rid of the cotangent function:
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The first derivative of ( can be determined using the chain rule:
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The second derivative of ( is:
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Using the identity sin2(() = 1 – cos2(() we arrive at the following transformation, where the dot above the ( function identifies it as a function of s and not of (:
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This is inserted into the differential equation:
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After reduction, we arrive at the Legendre differential equation:
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From the boundedness condition BC3 we have:
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Since R(r) is not a function of ( and is bounded, we conclude that:
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Similarly, we conclude that:
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The eigenvalue problem is sketched below:
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11.3.1 Legendre differential equation

The Legendre differential equation shown below was solved for the first time in 1784:
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The solution consists of two terms, a Legendre function of the first kind and order n (Pn) and a Legendre function of the second kind and order n (Qn) and ( = n(n + 1) = 0, 2, 4, 6, ..., for a converging solution:
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The Legendre function of the first kind is a set of polynomials, one for each order, but the Legendre function of the second kind is a set of infinite series. 
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Figure 4 – Legendre functions of the first kind (left) and the second kind (right).

The Legendre functions are orthogonal:
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This means, that for a function f(x) defined by an infinite sum, we can determine the constants as shown:
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11.3.2 Solution

The eigenvalue problem can according to the above information be solved for ( = n(n + 1) so the problem can be written: 
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The solution is:
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From the boundedness conditions we conclude that the solution must be bounded so the second term must be killed, hence:
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We now insert the definition of s into the equation:
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11.4 Solution to ODE2

We now address the problem in r:


[image: image337.wmf](

)

0

1

2

'

'

'

2

=

+

-

+

n

n

n

R

n

n

rR

R

r


This is an Euler equation and the solution is a power function:
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Differentiation and insertion into the differential equation:
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Since r( is non-zero either of the parenthesis must equal zero. Hence:
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The solution becomes:
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11.5 Solution to the PDE

The solution to the PDE problem is given by the solutions to the ( differential equation and the R differential equation. Inserting to the definition of the product solution, we get:
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New constants will be introduced: Gn = AnEn and Hn = BnEn. The complete solution is a linear combination of the individual solutions (the superposition principle):
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Using the boundedness condition we can conclude that the second term in the square parenthesis must be killed, hence:


[image: image344.wmf](

)

(

)

(

)

å

¥

=

=

Þ

=

0

cos

,

0

n

n

n

n

n

P

r

G

r

u

H

q

q


We can now address the non-homogeneous boundary condition BC1, which require knowledge of the derivative of the solution:
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At r = a we get an expression for determining the constants Gn:
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The term Gnnan-1 is a constant. From the orthogonal behaviour of the Legendre function we can calculate the constants:
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Using ds = -sin(()d( we get:
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A special case is found for n = 0, where P0 = 1 regardless of the argument:
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The mathematics cannot determine the value of G0, the value is arbitrary and hence the solution is scaled (offset) by an unknown constant. 

12  (16-23/11): Sturm-Liouville Theory

The basic idea behind the theory by Sturm and Liouville (SL) is to identify the problems, which produces an eigenvalue problem. The ordinary differential equation must be linear, homogeneous, of second-order and the boundary conditions must be linear and homogeneous. The use within partial differential equations assumes that the problem is reduced into an eigenvalue problem using the method of separating of variables. 

SL theory was later extended to higher order problems. The theory enables one-dimensional problems to be functions of other coordinates thus easily extending one-dimensional problems into two or more dimensions. 

Sturm was a professor of mechanics and Liouville was a professor of mathematics. Their work extended the orthogonal serial expansion into other series than the sine/cosine functions used with Fourier series expansion. The first paper is dated at 1836, which is just 15 years after publication of the work by Fourier. 

12.1 Series expansion

According to Fourier, a function f(x), which is defined within a range a < x < b, can be series expanded as shown below (first postulated by Fourier and later proved by Dirichlect). The constants a0, an and bn are determined as shown.
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A special case of the Fourier series expansion is the half-range expansion, which will be exemplified by the sine expansion:
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A similar expression is defined for a cosine expansion. The function is defined within the open interval from a to b and the series expansion cannot be expected valid at the endpoints. Any function can be represented by an arbitrary series, which could be based upon a cosine function or a sine function or any other orthogonal function. The problem will determine the selection. The function f(x) is defined in an interval but is not necessarily defined outside the interval. If the function is plotted outside the interval, it will be periodic, but this is of no importance to the solution to the partial differential equation. The function f(x) is only relevant as a solution within the interval. 

Another example of series expansion is shown below using the Legendre polynomial:
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The coefficient to the integral is due to the orthogonal Legendre polynomials. Integration of the terms Pm(x)Pn(x) will only produce a non-zero result for m = n, where the integral can be calculated as:
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12.2 Sturm-Liouville form

The Sturm-Liouville problems are divided into two groups: the regular SL-problems and the singular SL-problems. 

· A regular SL-problem is defined within a finite range from a to b with homogeneous boundary conditions, not including boundedness or periodic boundary conditions. In addition, requirements are put forward for the functions. 

· A singular SL-problem allows for semi-infinite or infinite range and boundary conditions including boundedness and periodic boundary conditions. 

Both regular and singular SL-problems are defined for liniea, homogeneous problems only. 

12.2.1 Regular problems

A regular Sturm-Liouville problem for a linear, homogeneous, second-order ordinary differential equation is:


[image: image354.wmf](

)

(

)

(

)

(

)

[

]

(

)

const

b

x

a

x

y

y

y

x

w

x

q

y

x

p

y

x

p

=

<

<

=

=

+

+

+

l

l

0

'

'

'

'


The functions p(x) and w(x) must be positive (non-zero) within the closed interval from a to b and all functions must be continuous and real within the closed interval from a to b. If the requirements are met, the problem is a regular SL-problem, if not it is a singular SL-problem. 

The SL-form may also be written:
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This notation is applicable to theoretical treatments, and will not be references later. 

The boundary conditions are a combination of the Dirichlect conditions using the function at the endpoints and the Neumann conditions using the first derivative of the function at the endpoints, hence the boundary conditions are identical to the Robin conditions: 
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Boundedness and periodic boundary conditions are  not allowed. 

12.2.2 Singular problems

The ordinary differential equation is the same. The differences are:

1. The limit a may approach -( and the limit b may approach (. 

2. One or more of the requirements for p(x), p’(x), q(x) and w(x) may fail. 

3. Boundedness and periodic boundary conditions are allowed. 

12.2.3 Example 1

The following problem is a regular SL-problem:
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We can identify the functions (left column below) and study the requirements (middle column below):
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12.2.4 Example 2

The following problem is not a regular SL-problem:
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We can identify the functions (left column below) and study the requirements (middle column below):
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The problem is a singular SL-problem. 

12.3 Transforming into SL-form

Many problems can be transformed into the SL-form by multiplication with a function ((x). 
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The function ((x) is then defined by comparing the resultant expression to the SL-form and identifying the functions p(x), p’(x), q(x) and w(x). 

12.3.1 Example 3

Consider the following problem, which is not a standard SL-problem due to the derivative of p(x) = 1–x2 being p’(x) = –2x and not –x as required by the equation:
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Multiplication with ((x), will transform this into a SL-problem:
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We identify the components:
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It is required that the derivative of the first function p(x) must equate the second function. The derivative of p(x) is:
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Hence:
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The differential equation can be solved into:
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Constant c will be set to unity. We then insert into the equation: 
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We can identify the functions (left column below) and study the requirements (middle column below):
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The functions are defined and the problem is a singular SL-problem. 

12.3.2 Example 4

Consider the problem:
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We can not use the results of the SL-theory before the equation is brought to SL-form, so we proceed by multiplying the equation with ((x) and identifying the functions for p(x) and p’(x):


[image: image371.wmf](

)

(

)

[

]

(

)

(

)

(

)

(

)

(

)

[

]

x

x

x

p

x

x

x

p

y

x

y

x

x

xy

x

-

=

=

=

+

-

+

1

0

1

'

'

'

'

s

s

l

s

s

s


To meet the requirement of the SL-form we know that the derivative of ((x)x must equate ((x)[1 - x], hence:
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The constant c is set to unity and the ordinary differential equation can now be written:
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We can now identify the functions:
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There are not specified boundary conditions for the problem, so we continue by formulating them. We require that the solution u(x) is limited for x approaching zero as well as infinity and the latter can be formulated with a weight, w(x) = e-x:
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The addition of a weight function emerged within the Sturm-Liouville theory to enable solutions with polynomials. If we excluded the weight function, we would also exclude solutions of the form xn since xn ( ( for x ( (. With the weight included we have xne-x, which will approach zero for x approaching infinity.

The solution to the problem is a Laguerre-polynomial, i.e. the eigenfunction is:
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An is constant. The Laguerre polynomials are defined is Asmar page 600.

12.4 Results of SL theory

The non-zero set of solutions of a regular SL-problem of second order are called the eigenfunctions of the problem, and those values of ( for which non-zero solutions can be found are called eigenvalues. This definition is often valid for a singular SL-problem too. 

12.4.1 Regular SL-problem

For a regular Sturm-Liouville problem:

1. Eigenvalues (EV) are all real and can be arranged into a sequence with increasing values, where (1 < (2 < (3 < … The eigenvalues can be negative but there will be a limited number of negative values; however, the eigenvalues are not limited upwards. 

2. Each eigenvalue has just one linear and independent eigenfunction corresponding to it. 

3. Eigenfunction corresponding to different eigenvalues are orthogonal with respect to a weigth function w(x) as defined in the ordinary differential equation for the eigenvalue problem. Note that Asmar uses r(x) for the weight function.
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4. Let yn(x) be eigenfunction in the interval a < x < b. For a piecewise smooth function f(x) defined in the interval a ( x ( b we have the following series expansion and expression for determining the constants. The numbering used for n depends upon the numbering selected for the eigenvalues.
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5. If we have a discontinuity (jump) in the function f(x) the series expansion will approach the mean value at the discontinuity:
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12.4.2 Singular SL-problem

Two conditions are required in order to guarantee orthogonal behaviour and uniqueness for a singular SL-problem of second order. 

The first requirement is:
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The second requirement is:
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The second requirement guarantees the existence of the integral for determination of the constants An. 

12.4.3 Example 4 continued

For the semi-infinite range 0 < x < ( we have a= 0 and b ( (. Hence the function p(x) is defined for x approaching zero and infinity as:
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The condition for orthogonal behaviour is fulfilled, since 0 – 0 equals zero and we will have orthogonal eigenfunctions.

The Laguerre functions are orthogonal with respect to a weight function w(x), which is e-x in our case:
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The solution to the integral is valid for Laguerre polynomials and the shown weight function. 

Hence, we can expand the function as follows:
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Note that the function is specified over the interval 0 ( x < ( but the expansion is valid only for the open interval 0 < x < (. Endpoints are excluded. 

13  (23-30/11): Integral transformations

The idea of integral transformations (IT) is to transform a partial differential equation (PDE) problem into a pseudo-PDE, which can be solved as an ordinary differential equation (ODE). The result is then transformed back using an inverse integral transformation (IIT).
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Figure 5 –Integral transformation.

During an IT we transform one coordinate 
[image: image386.wmf]x

 into a transformed coordinate 
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ˆ

 keeping all other coordinates fixed. The IT replaces discrete orthogonal series with the continuous pairs of transformations: IT and IIT. 

Integral transformations are used to solve non-homogeneous PDE problems and first order PDE problems with variable coefficients. 

13.1 Definition

The integral transformation transforms the function
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The inverse transformation performs the opposite, it transforms the function 
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We assume that
[image: image394.wmf](

)

x

f

 is a real function of a real value x; however the transformed function
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 is a complex function of a real variable (.

13.1.1 Fourier cosine transform

The Fourier cosine transformation (FCT) and the inverse Fourier cosine transform (IFCT) are used when the problem is formulated with Neumann boundary conditions, i.e. the derivative of u is specified (ux is given). Note that the range of x is semi-infinite.
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The function cos((x) may also be called a weight function. 

13.1.2 Fourier sine transform

The Fourier sine transform is similar with cos((x) substituted by sin((x). The transformation is used when the problem is formulated with Dirichlet boundary conditions, i.e. u is specified.

13.1.3 Fourier transform

The Fourier transformation (FT) and the inverse Fourier transform (IFT) are used when the range is infinite:
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Warning

The coefficients to the integrals (
[image: image398.wmf]p

2

1

) are in some textbooks divided into two different constants with unity at the first integral and 
[image: image399.wmf]p

2

1

at the second integral. The sign to the operand of the exponential is in some textbooks swapped with a minus sign within the inverse Fourier transform, which results in a complex conjugate of the result of the transformation. It is thus recommended that you are careful using tables of Fourier transforms. 

Check the coefficients and the sign convention used before addressing the tables. 

In order to guarantee an unique solution the following requirement must be met to implement the Fourier transformation:
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The Fourier series expansion was proposed by Fourier in 1807 and the Fourier transform was defined by Cauchy in 1816.

13.2 Examples

13.2.1 Example 1

Consider the following first-order, linear, homogeneous PDE problem, where the range of x is infinite and the range of y is limited to the semi-infinite interval from b and up.
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Function J1(x) is the Bessel function of the first kind and order p = 1. The boundary conditions are not specified (not yet at least). We will try solve the problem using the Fourier transfer with x as the transformed variable and holding y fixed during the transformation. The coefficient y2J1(y) is then constant during transformation so:


[image: image402.wmf](

)

(

)

y

u

y

x

u

x

F

F

,

ˆ

,

and

w

w

¾

®

¾

¾

®

¾


The PDE problem is linear, so we can transform each term individually. The problem is thus to reach at an expression for:
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13.2.1.1 Transform of first term

The first term consists of the derivative of u with respect to the fixed variable y. We start by writing the expression as it is defined by the Fourier transform:
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The derivative is in the y-coordinate with integration in the x-coordinate, so the partial derivative does not conflict with the integration:
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In general, for the second derivative:
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13.2.1.2 Transform of the second term

The second term consists of an expression in y, which is fixed during the transformation, so the integration concerns ux only: 
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The partial derivative is in the same variable as the integration, so we must use another approach to reach at an expression for the transformation. We will use partial integration, which is defined by:
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The integration of ux is u so we get:
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We now introduce the following assumptions, which corresponds to a boundedness condition, in order to kill the first two terms:


[image: image410.wmf](

)

(

)

0

,

0

,

®

¥

-

®

¥

y

u

y

u


Hence the general expression for the derivative:
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In general, for the second derivative:
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This implies the following set of requirements:
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This can be generalised to any order of differentiation. 

We now have the result:
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13.2.1.3 Transform of third term

The zero term transforms as follows:
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13.2.1.4 Transform of the equation

The transformed PED problem becomes:
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There are only partial derivatives of coordinate y, so the PDE problem has been transformed into a pseudo-ordinary differential equation, which can be solved using standard techniques for ordinary differential equations. The solution becomes:
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The integration constant 
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 is a function of the transformed variable since the pseudo-ODE was solved in variable y. The integral is shown on the back cover of Asmar and in chapter 4:
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We have p = 1, so the problem can be reduced to:
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It is advantageous to use the substitution: 
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This may benefit from the following Fourier-transform definition:
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The result becomes (probably, I’m not sure):
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13.2.2 Example 2

Consider the following linear, non-homogeneous Laplace-equation, where the range of x is infinite and the boundary condition for y is defined with two different values for the interval from 0 to b and from b to infinity. 
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The PDE problem in rectangular coordinates:
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All boundary conditions are of Dirichlect type where the function value u is given. This suggests the use of a Fourier sine transformation. Due to the non-homogeneous term we can only transform in the y-coordinate keeping x constant. 

The PDE-problem is linear, so we can transform term-by-term. 
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The transformed PDE-problem becomes:
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13.2.2.1 Transform of first term

The derivative is of the fixed variable, so transformation is straightforward. The partial derivative with respect to x is performed prior to the integration, which is legal since the coordinate is fixed during the transformation. The expression within the curled parenthesis is then recognised as the definition of the Fourier sine transform and the partial derivative can finally be calculated. 
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13.2.2.2 Transform of the second term

The derivative is of the same coordinate as the transformed variable so we must use partial integration. The expression to be integrated is as follows: 
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Partial integration is defined as:
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The first step with partial integration introduces the assumption that u(x,() = 0, i.e. the function value approach zero for a large argument; this kills the first term. 
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The second step with partial integration introduces the assumption that uy(x,() = 0, i.e. the derivative of the function value approach zero for a large argument; this does however not completely kill the first term but introduces an expression for u(x,0). 
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For the current problem is u(x,0 ) = 0 so the result is simplified to:
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13.2.2.3 Transform of the third term

Using Asmar page A68, the table of Fourier Sine Transforms, equation 6, produces the transform of the non-homogeneous right-side term: 
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13.2.2.4 Transform of boundary condition BC1

The boundary condition BC1 is unity for y from 0 to 1 and zero for y from 1 to infinity:
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A problem is observed for ( = 0, which requires special consideration. Using a Taylor expansion for the cosine function, we observes that the expression is well behaved: 
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13.2.2.5 Transform of the equation

The transformed PED problem becomes:
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The problem is now reduced to a pseudo-ODE, which can be solved using the standard tools for solving ordinary differential equations. 

13.2.2.6 Solution of the pseudo-ODE

We start with the homogeneous problem. 
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The variable is x so this is a second order differential equation in x with constant coefficients. The characteristic equation is 
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 and the solution consists of two exponentials: 
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The coefficients A and B are functions of ( and the determination of the coefficients should be delayed until we know the non-homogeneous solution. 

In order to determine the particular solution to the equation, we start by defining the function:
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This particular solution is differentiated and inserted into the equation. The derivative of G(() with respect to x is zero since the function is constant in x: 
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The full solution to the transformed problem becomes:
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The coefficients A(() and B(() can now be determined. The equation must approach zero for x approaching infinity so A(() = 0 is required to limit the solution. Using the transformed boundary condition BC1, we get:
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The solution becomes:
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The solution to the original PDE is found through the inverse Fourier sine transform:
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It is not required solving the integral, which in most cases will require numerical assistance. 
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